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Angular dependence of ultrasonic wave propagation in a stressed, 
orthorhombic continuum: Theory and application to the 
measurement of stress and texture 
R. Bruce Thompson, S.S. Lee, and J. F. Smith 
•4mes Laboratory, Iowa State University, •4mes, Iowa 50011 
(Received 11 August 1985; accepted for publication 9 April 1986) 
A theory for ultrasonic wave propagation in a symmetry plane of a biaxially stressed, 
orthorhombic continuum is presented. Since many of the material parameters which appear in 
the analysis are unknown, in particular the third-order elastic constants of polycrystalline 
metals, emphasis is placed on the angular dependence of the velocities. An expansion to first 
order in stress-induced anisotropy and to second order in textural anisotropy reveals terms 
with twofold, fourfold, and sixfold symmetry. Scenarios are proposed for using various 
properties of this symmetry to deduce the difference in magnitude and directions of the 
principal stresses independent of textural anisotropy and the textural anisotropy independent 
of the stresses. Experimental results are presented for the cases of aluminum, 304 stainless 
steel, and copper. 
PACS numbers: 43.20. Hq, 43.20.Bi, 43.35.Cg 
INTRODUCTION 
Anisotropies in the velocities of ultrasonic waves in a 
polycrystalline metal can be introduced by either of two 
physical causes: preferential orientation of the grains (tex- 
ture) or stress-induced eformations. It is of technological 
interest to be able to characterize either of these conditions 
from ultrasonic observations. However, before this can be 
done, it is necessary to have a theoretical understanding of 
their individual and mutual influences on the velocity. This 
paper presents such a theory for the case of a biaxially 
stressed orthorhombic continuum, which is a good approxi- 
mation to the material found in many rolled metal plates. 
Also included are the results of experimental confirmations 
of many aspects of the theoretical predictions. 
The problem that motivates this analysis is illustrated in 
Fig. 1, which shows a metal plate in which the X•, X 2, and X3 
axes have been chosen to coincide with the rolling, thickness, 
and transverse directions, respectively. For simple rolling 
processes, it can be assumed that the plate has three planes of 
mirror symmetry, one perpendicular to each of the three 
axes. If, in addition, the wavelength is large with respect to 
the grain size and the material is homogeneous, the plate can 
be modeled as an orthorhombic continuum. The effect of 
preferred orientation during the rolling process will be to 
give the elastic constants anisotropic values. For the general 
case, symmetry allows there to be nine independent elements 
of the elastic constant ensor. • However, if the material is a 
polycrystal of cubic crystallites, e.g., a single-phased alumi- 
num or iron alloy, and if the macroscopic properties can be 
predicted by an averaging scheme, e.g., Voigt, the number of 
independent coefficients i reduced to six. 2 These are the 
three single crystal elastic constants and three parameters 
characterizing the preferred orientation. 
To consider the effects of stress, it is necessary to employ 
the nonlinear theory of an elastic continuum. To first order 
in the stress, this is accomplished by introducing the third- 
order elastic constants (TOECs) into the elastic constitui- 
tive relations, along with other terms which contribute to the 
equations of motion to the same order. In the general ortho- 
rhombic case, there will be 20 independent TOECs. 3 This 
number is reduced to 13 by averaging for cubic crystallites. 4 
These are the six single crystal TOECs, the three orientation 
parameters cited above and four additional orientation pa- 
rameters. One thus seeks the solutions for the wave velocities 
in the stressed, orthorhombic medium. 
In Sec. I, the basic equations of motion are reviewed in 
their general form. Section II presents their solution for 
plane waves propagating in the 1-2 plane when the only 
nonvanishing principle stress components also lie in that 
plane. This case has been selected because of its relationship 
to practical measurements made with waves propagating in 
the plane of rolled plates. Section III discusses how the the- 
ory could be applied to the measurement of stress and tex- 
ture. 5-•ø Section IV presents experimental confirmations of
several aspects of the theory as it applies to the stress mea- 
surement problem. 
I. GENERAL THEORY 
Here the general theory of acoustoelasticity as devel- 
oped by Tokuoka and Iwashimizu • and applied to similar 
problems by King and Fortunko •2'•3 will be utilized. For an 
infinitesimal amplitude plane wave propagating in a 
stressed, anisotropic continuum, the propagation is de- 
scribed by the eigenvalue relationship: 
[•ijklPiP1 q'- (o'iiPiP1 --IDV2)C•jk ]d = O, (1) 
where P is a unit vector in the direction of wave propagation, 
d is a unit vector in the direction of wave polarization, p is the 
1 (ROLLING) 
FIG. 1. Coordinates with respect o a rolled metal plate. 
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density, Vis the wave phase velocity, {r is the applied stress, 
and the C are defined by 
-- •X i •Xj •X k •X l %kl = p (Cmnpq -•- Cmnpqrsgrs ) t•Xm t•Xn •Xp•Xq Po 
(2) 
Here Po is the density in the stress free state, • and X are 
position vectors in the stressed and unstressed states, respec- 
tively, the C's are the second- and third-order elastic con- 
stants, Ers is the linear strain induced by the applied stress, 
and 
Fll q- T--pV 2 F12 0 
F12 I'22 + T-- p V 2 0 
0 0 I'33 q- T--pV 2 
where 
F ll -- •l 1P • + 2•16PiP2 + •66P 22, 
F22 = •66P 2• + 2•26P1P2 + •22P 22 ' 
I',2 = •16P• + (•12 + •66)P,P2 + •26P•, 
T= rr,,P• + 2rr,2P, P2 + rr:2P•, 
=0, 
(4) 
(5a) 
(5b) 
(5c) 
(5d) 
(5e) 
•=6•j + E u + Wij, (3) 
where W is the local rigid body rotation tensor induced by 
the applied stress. It will be noted that when {r vanishes, Cu•,l 
= Cij•,l and Eq. (1) reduces to the familiar linear form. 
When {r is present, Eq. (1) contains those modifications 
which depend linearly on the stress. 
The algebra involved in applying Eqs. (1)-(3) to an 
orthorhombic material is quite complex and the details are 
not too enlightening since the Cmn•,qrs a eunknown and high- 
ly dependent on microstructure. 14.15 Hence an approach will 
be adopted which will emphasize the general structure of the 
equations. 
As can be shown from Eqs. (2) and (3), the Cu•,l are 
unaltered by the index exchanges i<-•j, k<-d, ij<-•kl, etc. 
Hence, there are, in general, 21 independent elements just as 
for the linear elastic constants. These numbers are reduced 
by the symmetries of the problem. As noted above, when 
O' = O, Cijkl = Cijkl and there are nine independent compo- 
nents characteristic of orthorhombic symmetry. When 
tr% 0, these nine values are changed slightly for most realiza- 
ble values of stress (la lCl>, In addition, new constants 
may be introduced, as can be seen from the explicit forms of 
the • derived by Sayers and Allen16 for nonvanishing princi- 
pal stresses in the 1-2 plane. Orthorhombic symmetry is re- 
tained when the principal stress directions coincide with the 
material symmetry axes. If not, new constants are intro- 
duced which lower the overall symmetry to monoclinic. 
These stress-induced constants are much smaller in magni- 
tude than the previously existing constants, having values on 
the order of the magnitude of the stress-induced changes in 
the existing constants. 
II. WAVE PROPAGATION IN A MATERIAL SYMMETRY 
AND PRINCIPAL STRESS PLANE 
Consider wave propagation in the 1-2 plane and assume 
that the only nonvanishing principal stresses also lie in that 
plane. Then rr3i = 0 for i = 1,2,3 and nontrivial solutions to 
Eq. ( 1 ) occur when the phase velocity satisfies the secular 
equation 
and the reduced notation has been used for the elastic con- 
stants. From Eqs. (5), it can be seen that nine elastic con- 
stants enter the problem. The Cll, C22, C12, C44, C55, and C66 
are effective elastic constants of the orthorhombic material 
as modified by stress. The C16, C26, and C45 are stress-in- 
duced constants, characteristic of a monoclinic symmetry, 
which vanish if the principal stress axes coincide with the 
material symmetry axes. 
The secular equation has three roots. One corresponds 
to the velocity of a shear wave polarized normal to the 1-2 
plane (in the 3 direction), with a value 
p V2N = F33 -[- T. (6) 
The other two satisfy the quadratic equation 
(pI/2-- T) 2-- (I"11 q- I"22) ( pI/2-- T) 
-•- I"11I"22 -- I"212 = 0, (7) 
which has roots 
2( pV • - T) = r,, + r• + [ (r,, - r•) • + 4r• ]'/L 
(8) 
Before inserting Eq. (5) into Eq. (8) to develop explicit 
expressions, it is useful to define a new set of parameters 
C L = (Oil -'l- C22)/2, 
C T = C66 ,
O• = (Cll -- C22)/CL, 
•= [(Cr -- C12)/2-- Cr]/Cr. 
(9a) 
(9b) 
(9c) 
(9d) 
Here a and/3 are measures of the longitudinal and shear 
wave anisotropies in the 1-2 plane, as will be seen below. For 
isotropic polycrystals they vanish and, for many slightly an- 
isotropic cases, they will be small and are of value in develop- 
ing expansions of the square root in Eq. (8). Equations (9) 
may be solved for the C o in terms of the new parameters with 
the result 
Cll = C L ( 1 q- a/2 ) , (10a) 
C22 = C,. ( 1 -- a/2), (10b) 
C•2 = C,. -- 2( 1 +/3) Cr, (10c) 
C66 = Cr. (10d) 
Substitution of Eqs. (5) and (10) into Eq. (8) yields (see 
Appendix A) 
2( pV 2 -- T) = CL + Cr + « aC• (p2• _ p22 ) + 2(•16 _•_ •26)P1P2 -Jr- ((e L - ST) 2 -- 16(% -- CT)13CTp2•p• 
+ 16]32C2rP•2P22 +ctCL(C L - CT)(P2• --P22) + (« 0•)2C2L 
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-3- 4(Cr• -- CT)[•16 '+- •26 '+- 2(•,6 -- •26) (P• -- P22) ]P1P2 -- 16/5'CT (•,6P • q- •26P22 )P,P2 
q- 2ctC L(•16 -- •26)PiP2 q- 4(•6P• q- •226P22 )} 1/2. (11) 
For most rolled plate, a and/5' will be small with respect to unity. Typical values might be on the order of a few percent. Hence 
these can be considered tobe small parameters ina Taylor series expansion of the square root in Eq. ( 11 ). The stress-induced 
moduli •16 and •26 will also be much less than (CL -- Cr). For stresses near yield, the ratio might be of the order 10- 3. Hence 
•,6/(CL -- Cr) and •26/(CL -- Cr) can also be considered as small parameters. Because oftheir potential for assuming 
larger values, quadratic terms in a and/? will be retained in the following expansion. Linear terms in C•6 and C26, and no terms 
involving the products of a or/5' and C•6 or C26, will be considered. After this expansion, Eq. ( 11 ) becomes 
2(pV 2 -- T) = CL +Cr + 2 (P• -- P22 ) + 2(•16 q-C26)PIP2 q- (CL--CT) 1 -- 8• ,CL _ CT 
a CL , (V•--V•)+8]? 2 . CT , 2V•V2 2 + , . 
+T c,•-c• c,•-c• T c,•-c• 
)( __ 2, ' P•P•-- 'CL CT 'c,• - c• T _ , ( •'• - •'• ) + 4•t• c• - c•' c,• - c• 
C,• -Or ( C• -Or) 
The" +" solution corresponds to a quasilongitudinal wave 
2( pV• - T) = 2CL + aCL (P• -- P• ) -- 8•CTP•P• 
(13) 
The "--" solution corresponds to a quasishear wave 
2( pV•. -- T) 
= 2CT + 81?CTP•P22 - 8/5 '2 [C•/(CL - CT)](P•P22 -- 4PIP•) -- •a2[C2•/(C• -- CT)] [1 -- (P• --P22)2] 
-- 4Ct• [CTCL/(C T -- C L ) ]p•p2• (p• _ p22) _ 4(•16 _ •26)Pip2(p • _ p22 ). (14) 
Further simplification is best done in terms of the angular coordinates defined in Fig. 2. Noting that P• = cos 0, 
P2 = sin 0, liberal use of trigonometric identities leads to the expressions 
pV• = T+ (C44 + C55) + (C55 -- C44) cos 20 + •45 sin 20, (15) 2 2 
p V2• =T + CL + cos 20 -- ( 1 -- cos 40) + 'CL --Cr ]
+ -•- \ CL -- CT • 'CL - CT' (1- 
+ (•16 + •26) sin 20 + ( C16 -- C26) sin 40, 
2 
a•3 =T + C• + g • (1 -cos 40) -• 'C• - C• 
cos 40) cos 20 
1 -- cos2 40) ---• - 
cos 40)cos 20- (C•6 -- C26) sin 40. 
2 
(16) 
C2• .)(1--cos40) -- C T 
(17) 
The expression for T may also be simplified. By rotation 
from the principal stress to material axes, one finds 0.• 
= 0.a cOS2 •-• q- 0.0 sin2 fl, O'12 = (rr• -- rr 0 )cos 11 sin 
and a22 = rr• sin2 fl + 0.t, cos2 fl, where 11 is the angle 
between the directions of the principal stress and material 
axes. Substitution into Eq. (5e) and further use of trigono- 
metric identities lead to the conclusion 
T= (0., + 0.b)/2 + [(rr, -- 0.•)/2]cos 2(fl-- 0). 
(18) 
Equations ( 15)-(18) represent the general solution to 
first order in the stress-induced anisotropy and second order 
in the textural anisotropy, for plane wave propagation in a 
symmetry plane of an orthorhombic, biaxially stressed mate- 
rial. 
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2(TD) 
DIRECTION OF PRINCIPAL 
STRESS 
DIRECTION OF PRINCIPAL 
STRESS o- b 
DIRECTION OF 
WAVE PROPAGATION 
i(RD) 
FIG. 2. Directions of wave propagation and stress in the 1-2 plane. 
III. APPLICATIONS TO THE MEASUREMENT OF 
STRESS AND TEXTURE 
Consider the rolled metal plate shown in Fig. 1. By mea- 
surements made on the 1-2 surfaces, it should be possible to 
determine the angular dependence of the velocities of the 
three waves as described by Eqs. ( 15 )-(17). It is of interest 
to see how such data could be inverted to predict either the 
stress or the anisotropy of the elastic constants- ( induced by 
preferred orientation of the grains). 
For the case of stress, one would ideally wish to deduce 
the components or, and crb independent of the values of the 
effective elastic moduli Cr and CL and their anisotropies a
and/3. Here it is assumed that the TOECs are unknown so 
that the stress information must be deduced solely from that 
of T. Examining Eqs. (17) and (18), it can be noted that 
there is no basis for differentiating the sums of the principal 
stresses o'. + cry, from the effective modulus Cr, unless an 
unstressed sample of identical material is available as a refer- 
ence. However, the fourfold symmetry appearing in most of 
the terms involving the elastic anisotropy suggests that it 
would be useful to examine the difference of the velocity of 
two shear waves whose directions of propagation have been 
rotated by 90*. This difference can be shown to be 
p[ V3(O) - V•(O + 90')] 
= (o',, -- O'b )cos 2(12 -- O) 
- :• art [ CrC•/(C• - Cr ) ] (cos 20 - cos 60). 
(19) 
For small, texture-induced anisotropies, the left-hand side 
can be factored into the sum and difference of the two veloc- 
ities. The sum itself has an angular dependence which can be 
computed from Eq. (17). However, since only terms linear 
in or, a, and/3 or quadratic in a and/3 are being retained, this 
angular dependence can be neglected and the sum can be set 
equal to 2x/Cr/p, twice the shear wave velocity in the ab- 
sence of stress with 0 = 0* or 0 = 90*. It then follows that 
Vr(O) - Vr(O + 90*) 
x/Cr/p 
-%) 
cos 2(Il -- O) 
2Cr 
a/3(. CL .) (cos 20 --cos 60). (20) 8 C• - Cr 
The first term on the right-hand side of Eq. (20) is di- 
rectly proportional to stress. As noted by Biot, 17 this term 
arises from a fundamental physical difference between the 
anisotropy generated in a medium by stress or by texture. 
Thurstonl8 points out the analogy between its origin and the 
influence of tension on the speed of transverse wave propaga- 
tion on a taut spring. MacDonald 19 notes the potential for its 
use in separating stress from texture effects. The present 
authors have discussed these points in greater detail •-9 and 
emphasize the fact that the proportionality constant de- 
pends only on the linear elastic constants of the material and 
hence is not influenced by the well-known strong influence 
of microstructure on nonlinear elastic properties. 8 
The second term on the right-hand side of Eq. (20) may 
be thought of as an error induced by textural anisotropy. Its 
origin may be made more clear by reference to Fig. 3, which 
shows the angular dependence of the unstressed velocity for 
spruce (assumed orthorhombic symmetry) as computed by 
Musgrave. 2ø The slowness, which is plotted as a function of 
angle, is defined as the reciprocal of the phase velocity, rep- 
resented by Vr in the present paper. Hence it must exhibit 
the same symmetry properties. Absence of the final term of 
Eq. (20) would imply fourfold rotation symmetry for the 
unstressed material. When combined with the mirror sym- 
metry of orthorhombic material, this would imply symme- 
try about the 45 ø dashed line. As can be seen from the spruce 
example, this symmetry does not occur in general. The final 
term in Eq. (20) is a measure of the deviation. Since it varies 
to second order in the anisotropy, it will often be small. 
When it is negligible, the principal stress difference may be 
deduced by varying 0 until the magnitude of the left-hand 
side of Eq. (20) is maximized and setting that value equal to 
(or, -- cr• )/2Cr. 
If the anisotropy term is not small, a procedure is still 
available for removing its influence on the data. Note that 
Eq. (20) contains only one term with a 60 angular variation, 
which has as its coefficient the second-order material anisot- 
ropy parameters. Determination of that coefficient from the 
value of the 60 term in a Fourier series representation of 
[ Vr (0) -- Vr (0 + 90 ø) ] should allow the entire anisotropy 
term to be subtracted from the data. The previously de- 
S2 
"h. s,_ 5..•• x 10 TM rn_! $ 
FIG. 3. Slowness urface for spruce showing slight deviation from symme- 
try about 45* line (after Ref. 20). 
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scribed procedure could then be applied to the corrected 
data to deduce the principal stress difference and direction 
independent of the texture-induced anisotropy in elastic 
constants. 
In other situations, one might be interested in determin- 
ing the preferred orientation of the material. One would then 
like to extract information from the anisotropy terms which 
were suppressed in the above approach. This can be accom- 
plished by solving Eqs. (16) and (17) for the four elastic 
parameters a,/3, Cr, CL and relating these to the texture. 
The result of the former step is the set of equations 
CL =p[ V• (0 ø) + V• (90 ø) ]/2 -- (rr, + rr b )/2, (21a) 
Cr =p[ V•(O*) + V•(900) ]/2 - (o' a + o' b )/2, (2lb) 
aC• =p[ V• (0') - V} (90*) ] - (c, - rrb )cos 211, 
(21c) 
=p[ v(45 ø) - v(0 ø) ] + - )/2] 
X (cos 211 - sin 211 ) + •6a 2 [ C • / (C• - Cr ) ]. 
(21d) 
If the material is unstressed, the solution is straightforward. 
Equations (21 a) and (21 b) may be individually solved for 
Cr and C•, knowledge of C• allows Eq. (21 c) to be solved 
for a, and knowledge of the above three parameters allows 
Eq. (2 ld) to be solved for/3. If the stress does not vanish, 
there is no basis for eliminating the (rr, + fro )/2 term in the 
first two equations. However, this term will generally be very 
small because ofits relative magnitude with respect to p V• 
andp V•. The stress terms cannot necessarily beneglected in
the last two equations because they are added to the differ- 
ence of two velocities. If stresses are present, the procedures 
described following Eq. (20) must be used to deduce their 
values and solution would then proceed as before. 
Given the a,/3, Cr, and C•, one can infer certain pa- 
rameters of the texture. An approach which has been dis- 
cussed elsewhere •ø would relate these to coefficients in the 
expansion ofthe crystallite orientation distribution function 
in terms of generalized Legendre functions. 2• 
IV. EXPERIMENTAL RESULTS 
Experimental implementation of these concepts re- 
quires the determination of the plane wave velocity. How- 
ever, plates have surfaces, which will modify the observed 
propagation speeds. In the aforementioned reference, •øit is 
noted that the $Ho horizontally polarized shear mode of a 
plate propagates with a speed equal to Vr since no dynamic 
stresses are generated in the planes of the surfaces. A tech- 
nique for estimating VL from the So Lamb mode speed is also 
proposed. Therein it is noted that, at long wavelength, the So 
velocity is less than V• by the anisotropic generalization of 
the relationship Vso = V• {1 - [v/( 1 - v) ]2)1/2, where v 
is Poisson's ratio. In isotropic materials, this has the value 
Vso -0.9 V• for v- 0.3. For mild textural anisotropies, 
the angular variation of Vso should be a useful approxima- 
tion to that of Vt. Clearly other approaches are also possible, 
such as the measurement of first arrivals (surface skimming 
waves) on thick sections. 
In this work, all measurements were made on thin 
plates, with thicknesses of 0.160 cm ( 1/16 in. ), as received 
from commercial vendors. The $Ho modes were excited with 
periodic permanent magnet EMAT transducers •2'22 at a fre- 
quency of approximately 0.5 MHz, with the exact value de- 
pending on the wave speed in the material. The $Ho waves 
were detected after propagation over a fixed path length of 
21 cm (8 1/4 in. ), determined by a rigid spacer, by a second 
EMAT transducer. The $o mode measurements were made 
with meander coil EMATs 23 at the same frequency. For ei- 
ther case, after suitable amplification, filtering, and gating, 
the relative arrival time of the zero crossing of a particular rf 
cycle in the ultrasonic tone burst was determined by a time 
averaging counter. The precision of the time measurements 
was -+- 4 ns with 1000 averages, corresponding to a velocity 
precision of -+- 0.005 % over the 21-cm path length. The ab- 
solute accuracy of the arrival time measurement was some- 
times poorer, particularly on bent samples, due to electrical 
phase shifts associated with variations in the coupling 
between the EMAT and the plate. These are not fundamen- 
tal limitations and could be reduced by changes in probe and 
electronic design. 
Figures 4-6 show the angular dependence of the $Ho 
wave speed in 606 l-T6 aluminum, 6 304 stainless steel, 9and 
electrolytic tough pitch copper 9 (99.95% pure) rolled metal 
plates when the stress is applied along the rolling direction. 
The solid data points are data obtained at zero (or very 
small) load and the theoretical lines are based on the second 
and third terms on the right-hand side of Eq. (17). As pre- 
dicted by the theory, essentially equal velocities are observed 
when 0 - 0* and 0 - 90* (to within 0.01% in these samples) 
and the greatest velocity deviation occurs when 0 -- 45*. The 
theoretical curves were based on the selection of/3 equal to 
twice the maximum velocity deviation, as shown in Table I. 
Similar measurements on a rolled titanium plate did not ex- 
hibit these symmetry properties; this is discussed lsewhere. 9 
In each of the plots, no distinction is made between the 
directions of the phase and group velocities of the waves. 
Hence the velocities are deduced from the time delays and 
2 
30 60 90 
o (DEGREES) 
FIG. 4. Angular dependence of $Ho mode velocity in 606 l-T6 aluminum 
sample # 1. Solid points--unstressed data. Open points--tensile stress 
along rolling direction. 
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DEGREES) 
FIG. 5. Angular dependence ofSHo mode velocity in 304 stainless teel 
sample # 1. Solid points--unstressed data. Open points--tensile stress 
along rolling direction.. 
plotted versus the angle of the line of flight. However, as 
pointed out by Allen et al., 24 the phase and group velocities 
are not strictly parallel in such an anisotropic medium. 2ø'25 
i i 
3O 
ß 0 MN/m 2 
28 o 154 MN/m 2 
! i i 
_ 
26 
24 
22 
2O 
16 i 
i I 14 
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I 
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-4 I 
o 
I 
i 
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30 60 90 
• (DEGREES) 
FIG. 6. Angular dependence of SHo mode velocity in copper sample # 1. 
Solid points--unstressed data. Open points--tensile stress along rolling di- 
rection. 
TABLE I. Experimentally determined anisotropy parameters. 
Material a fl aft/2 b(MN/m 2) 
6061-T6 A1 # 1 --7.1X 10 -3 3.0X 10 -3 --1.07X 10 -5 0.28 
6061-T6A1 #2 --1.00X10 -2 --1.03X10 -2 5.2X10 -5 1.36 
6061-T6A1 #3 --1.16X10 -2 --1.03X10 -2 6.0X10 -5 1.57 
304 stainless # 1 1.9X 10 -2 3.1X 10 -2 2.9X 10 -4 22 
304 stainless#2 2.0X 10 -2 3.0X 10 -2 3.0X 10 -4 23 
Copper #1 --4.2X 10 -2 6.2X 10 -2 --1.30X 10 -3 60 
, 
In Appendix B, it is shown that the neglect of this effect is not 
a major error for the small anisotropies of the samples con- 
sidered. However, it would have to be taken into considera- 
tion, using techniques such as those outlined therein, for 
more strongly anisotropic materials. 
Application of a tensile load along the rolling direction 
(/1 -0 ø) modified the data as shown by the second set of 
open points in Figs. 4-6. Here the velocity shifts are all mea- 
sured with respect o the unstressed velocity at 0 ø (along the 
rolling direction). The broken curves are the corresponding 
theoretical predictions of the first three terms of the right- 
hand side of Eq. (17), using the same value of/•, slightly 
modifying Cr to fit the shift at 0 = 0 ø (since C66 may be 
stress dependent), and computing T on the basis ofEq. ( 18 ) 
and the applied stress. In each case, the theory predicts the 
stressed ata with good accuracy. It should be noted that at 
this stress level: (i) the stress effects are comparable to the 
texture effects in the aluminum sample; (ii) they are succes- 
sively less in the steel and copper samples which have greater 
anisotropy; and (iii) the effects of stress can be differentiated 
from those of anisotropy by the reduction of symmetry in the 
presence of stress. 
When the stress is not applied along a material symme- 
try direction, the situation is more complex. This is illustrat- 
ed by the angular dependence data for a second plate of 304 
stainless steel that is illustrated in Fig. 7. The solid data 
points and theoretical curve are again the results obtained 
for zero load. From the maximum velocity deviation, a value 
of/• - 0.030 was estimated, very close to the value of 0.031 
estimated for the first stainless teel sample. 
The open points and broken theoretical curve again 
present the results obtained under a load of 155.6 MN/m 2 
applied at 1• = 45 ø. Again, the unstressed value of ]3 was 
used and Cr was adjusted slightly to achieve a simultaneous 
best fit to the results at 0', 45', 90', and 135'. Because of the 
nonparallel stress and material symmetry directions, the re- 
suits are not symmetric about the rolling or transverse direc- 
tions, with the effects of stress being to cause a relative in- 
crease in the velocity for quadrants containing the stress 
axis. Furthermore, the shift downward in Cr makes the up- 
wards velocity shifts in those quadrants less than downward 
shifts in the remaining two quadrants. 
Measurements were also made of the So Lamb mode 
velocity at 0* and 90* with respect o the rolling direction on 
each of the samples. Under the assumptions that (i) the an- 
gular dependence ofthe long wavelength So mode velocity is 
proportional tothat of the longitudinal velocity, •ø and (ii) 
only the first-order anisotropic terms in Eq. (16) need to be 
considered, estimates of a were made. The results are tabu- 
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FIG. 7. Angular direction of SHo mode in 304 stainless steel sample # 2. 
Solid points--unstressed data. Open pointsmtensile stress at • = 45 ø with 
respect o rolling direction. 
, 
lated along with those for ]• in Table I. 
The stress prediction formula [Eq. (20) ] has been ex- 
perimentally examined for several cases. This formula shows 
how the symmetry properties of the texture-induced velocity 
anisotropy can be used to suppress the texture and empha- 
size the stress effects. When the second term can be neglect- 
ed, the formula predicts that the principal stress directions 
are identical to the directions of orthogonally propagating 
$Ho waves whose velocity differences are maximized and the 
stresses can be simply predicted from this difference. The 
presence of the innate anisotropy term causes second-order 
deviations from this scenario. 
The results of a test of these predictions for 304 stainless 
steel are shown in Fig. 8. In Fig. 8 (a), [V(0) 
--V(O + 90ø)]/V is compared to theory for both the 
stressed and unstressed conditions. Note that the velocity 
scale is greatly magnified with respect to that of Fig. 7 be- 
cause of greater magnitude of the texture anisotropy effects. 
The velocity differences in both the stressed and unstressed 
states are in semiquantitative agreement with the theory. 
The aforementioned 60 Fourier component of the un- 
stressed velocity is not evident from a casual observation of 
the theory or data. Note, however, that the theory is not a 
segment of a sine wave but, if extended, will have the proper- 
ty A V(90 ø + e) = A V(90 ø - e), A V( 180 ø + e) = A V( 180 ø 
- e), etc. This leads to the 60 components of the variation. 
The major source of error in the experiment is believed 
to be misalignment of the transducers. The anisotropy in- 
duced velocity error due to a misalignment of •0 is •V/ 
V=/3(sin 40) 60, which has the value of _/360 when 
0 = 22.5 ø and 67.5 ø, respectively. The primitive goniometer 
used in these experiments could be aligned to no better than 
___0.5 ø, which would account for an error of 6V/V 
= _ 5.2 X 10 -4. (160 [ - 0.5 at 0 = 22.5 ø or 67.5 ø implies 
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FIG. 8. Angular dependence of velocity differences (A V/V 
= [V(0)- V(O + 90ø)l/V) for 304 stainless steel sample #2. Solid 
points--unstressed ata indicating second-order textural anisotropy back- 
ground. Open points--tensile stress at • = 45 ø with respect to the rolling 
direction. Crossed points (below)rathe difference of stressed and un- 
stressed points isolating stress contribution. 
16 v/v I = 2.6 x 10 --4, an error which could occur in the 
measurement of each of the two velocities. ) From Fig. 8, the 
greatest difference between theory and experiment is 
4 X 10 -4, with most errors being on the order of 2 X 10 -4 or 
less. Hence this is entirely consistent with the alignment ac- 
curacy. However, nonorthorhombic behavior of the materi- 
al to a comparable degree cannot be ruled out. 
In obtaining the data plotted in Fig. 8, the transducers 
were positioned, measurements were made in the unloaded 
and loaded conditions, the. transducers were rotated, etc. 
Consequently, the background anisotropy and any misor- 
ientation errors should be the same at both stress levels and 
the difference should be equal to the stress term in Eq. (20). 
The plot in Fig. 8(b) is in agreement with this expectation, 
with the differences between theory and experiment being 
1 X 10 -4 or less. 
The term proportional to a/3 in Eq. (20) introduces 
errors in the prediction of stress, which would otherwise be 
quite straightforward. The significance of this error depends 
on the strength of the second-order anisotropy. To estimate 
the significance, a/3/2 is presented for each of the samples in 
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TABLE II. Predicted versus actual stress and anisotropy parameters for 
measurements on stainless teel sample # 2. 
(MN/m 2 ) (degrees) ( 10 -4 ) 
True 156 45 6.0 
Regression 164 41 5.5 
Table I. The maximum of the anisotropy term occurs at ap- 
proximately 0 = 27 ø. Here, a/5'/2 is approximately the value 
of (•r a -- •r o )/CT which would equal this value. At the cor- 
responding stress, •r = a• Cr/2, the two terms in Eq. (20) 
would have comparable magnitude at their respective peaks. 
From Table I, it can be seen that, in the particular samples 
studied, this is a very small fraction of the yield stresses of 
606 l-T6 aluminum (% .-• 250-330 MN/m 2 ), a larger frac- 
tion for 304 stainless steel (•ry • 350-1000 MN/m 2), and 
even a greater fraction for copper (•ry • 70-350 MN/m 2). 
Hence the importance of this term at stress levels of engi- 
neering importance (significant fractions of the yield stress) 
is very material dependent. 
In Sec. III, it was proposed that, when the term propor- 
tional to a/5' is not negligible, its effect on a stress measure- 
ment could be removed by a Fourier series analysis of the 
data. This would take advantage of the fact that the only 60 
variation in Eq. (20) occu.rs in the anisotropy term, whose 
magnitude can therefore be deduced from the corresponding 
Fourier coefficient. As a test, the stressed ata in Fig. 8 (a) 
have been fitted to the function (A cos 2fl cos 20 
-- B cos 20 + A sin 2fl sin 20 + B cos 60) using a least- 
squares procedure. The resulting values for •r, a/5', and fl are 
16 
14 
I I I I I • I 
-2 I I I I I I I 
O 2 4 6 8 IO 12 14 16 
o- APPLIED (IO 7 N/m 2) 
FIG. 9. Comparison of experimental values of AV/V=V(O) 
-- V(0 q- 90 ø) ]?V to predictions of Eq. (20) in 606 l-T6 aluminum sample 
#3, neglecting textural anisotropy. Tensile loads are applied along 
fl =45 ø. 
compared to the applied values for •r and fl and the indepen- 
dently determined (see Table I ) value of a/5' in Table II. The 
stress prediction error is 5 % and the stress angle and second- 
order anisotropy are predicted to within about 10%. 
As indicated in Table I, the anisotropy of the aluminum 
samples hould be sufficiently small that the second-order 
anisotropy term in Eq. (20) should be negligible at all stress- 
es of engineering interest. This prediction isconfirmed by the 
plots of 2 CT([ V(O) -- V(O + 90 ø) I/V) versus stress inFig. 
9. In these xperiments, 9 fl = 45 ø and plots are shown for 
0 = 45 ø, 15 ø, and 0 ø. Neglecting anisotropy, the theory pre- 
dicts behaviors of the form •r, •r/2, and 0, respectively. The 
agreement between this prediction and experiment is evi- 
dent. Examination of the anisotropy term shows that it 
should have vanished for the 45 ø and 0 ø cases but if signifi- 
cant, it should have made contribution for the 15 ø case. The 
fit shown in Fig. 9 confirms the smallness of this term in this 
aluminum sample. 
Figure 10 compares plots of predicted versus applied 
stress for each of the samples whose properties are presented 
in Table I. This includes all specimens examined to date 
which have (i) exhibited orthorhombic symmetry in the un- 
stressed state and (ii) undergone only elastic deformation. 
I I I I I I I I I I I I 1 I, I Alum,num # 1 
_ 
ß D.=O* 
ß ß 
2 KS, ß 
Aluminum #2 
e e e/ ,Q,: OO 
. ' / o/ AI ...... #3 
ß / 
. o 
o/O ./ / 
ß ' / 
./ /.." 
o o 
/.. 
0 ß ß 
0 2 4 6 8 I0 12 14 16 
(7' APPLIED (10 7 N/rn 2 ) 
FIG. 10. Predicted versus applied stress for all samples tudied satisfying 
the conditions of initial orthorhombic symmetry and elastic deformation. 
The ordinate and abscissa scales are identical. 
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FIG. 11. Predicted versus applied stress for samples not satisfying assump- 
tions. Solid points--titanium plate lacking initial orthorhombic symmetry. 
Open points--1100 aluminum plate undergoing yield at arrow and plasti- 
cally deformed to 0.6% total strain. Crossed points•opper plate undergo- 
ing plastic deformation. 
In each case, the transducers were positioned so that 0 = 12, 
and then rotated to the position 0 = 12 + 90*. Stress was pre- 
dicted from Eq. (20) with the second-order anisotropy term 
neglected. The agreement between the applied and predicted 
stress is quite good, with errors being small with respect o 
stress levels of engineering importance. 
Figure 11 presents predicted versus applied stress for 
the remaining three samples which have been examined. The 
titanium sample did not exhibit orthorhombic symmetry in 
the unstressed state. In particular, [V(0*)- V(90*)]/V 
= 0.6%. Despite the resulting systematic offset, the slope of 
the predicted versus applied stress curve is in good agree- 
ment with theory. 9The 1100 aluminum sample was stressed 
well beyond yield, which occurred at the point indicated by 
the arrow. Good agreement between theCry and experiment 
was observed despite he presence of plastic strain in excess I 
of 0.4%. 7 The copper sample was intended to provide a sec- 
ond check of the procedure to remove the effects of the sec- 
ond-order anisotropy term in Eq. (20) through examination 
of the angular dependence of the velocity. However, the 
yield stress of this sample was much less than that of copper 
sample # 1 and the resulting gross deformation interfered 
with accurate measurements of that angular dependence. In 
addition, the shear wave anisotropy/3 changed throughout 
the course of the experiments. Despite these difficulties, the 
stress could be predicted from V(12) - V(12 + 90*) as indi- 
cated. 
V. CONCLUSIONS 
The nonlinear equations of motion have been solved for 
elastic waves propagating in a symmetry plane of an ortho- 
rhombic, biaxially stressed continuum. The angular varia- 
tions of the solutions, carried to second order in material 
anisotropy and first order in stress, show a combination of 
twofold, fourfold, and sixfold symmetries. Techniques are 
proposed whereby these symmetries can be utilized to (i) 
measure the difference and orientation of the principal stress 
components, independent of the textural anisotropy and (ii) 
measure the textural anisotropy independent of stress. The 
favorable comparison of the theory to measurements made 
on polycrystalline metal plates suggests that this may be the 
basis for important nondestructive valuation techniques. 
Areas of future interest include refinement and reducing the 
distance scale of the measurement echniques and examining 
the effects of microstructural effects which violate the ortho- 
rhombic continuum assumption of the present theory. 
Note added in proof.' Recent research has clarified two 
points. First, the apparent absence oforthorhombic symme- 
try in the titanium plate 9 has been shown to be a result of 
inhomogeneity which was sampled differently as the mea- 
surement angle varied. Second, theoretical analysis of the 
corresponding problem of plate-mode propagation at long 
wavelength shows that the velocity equations have the same 
form as for plane waves, but that the definition of a in Eq. 
(9c) must be modified to account for the influence of plate 
surfaces on compressional deformations. This only need be 
considered if quantitative elastic constant information is to 
be inferred from plate wave experimental data. 
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APPENDIX A: SIMPLIFICATION OF EQ. (8) 
The following algebraic formulas are steps in deriving Eq. ( l 1 ) from Eq. (8)' 
Fll d- F22 = C• +Cr +C•(a/2)(P• --P::) d- 2(•16 d- •6)PiP2, (A1) 
1",,- 1"::= (E L --CT)(P • _p•2) + EL (a/2)+ 2(•,6 -- •:6)P,P:• , (A2) 
(F,, -- F::z): = (CL -- CT):(P• -- P• ): + CL (CL -- CT)a(P• -- P• ) + 4(CL -- CT) (•,6 -- •:6)P,P:(P• -- P• ) 
+ C• (a/2): + 2CL (•,6 -- •:6)aP,P: + 4(•,6 -- •:6):P•P•, (A3) 
41-'•: =4[(CL--CT--2I?CT):P•P • +2(CL--CT--2I?CT)(•,6P • +•:6P•)P,P: + (•,6P• + •,6P•):]. (A4) 
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The terms in the square root of Eq. ( 11 ) involve the following identities which are useful in combining ( F 11 -- I'22) 2 and 
4F•2' 
(CL -- CT) 2 = (CL -- CT)2(P• -- P22 ) + 4(CL -- CT)2P•P22, (A5) 
•16 -•- •26 -•- 2(•,6 -- •26)(e• -- P22 ) = (•16 -- •26)(e•.- P22 ) + 2(•,6P• + •26P22 ), (A6) 
•6P• + •226P22 = (•,6 -- •26)2P•P22 + (•16P• + •26P22 ) . (A7) 
APPENDIX B: BEAM STEERING EFFECTS OF 
ANISOTROPY 
It is well known that, in an anisotropic elastic medium, 
energy does not necessarily propagate in a direction perpen- 
dicular to the wave fronts, 2ø'25 and Allen et al. have pointed 
out the need to be aware of this phenomena in interpreting 
experiments such as those reported here. 24 This appendix 
reviews the salient physical factors, as applied to the present 
problem. 
Recall that V(0) gives the phase velocity as a function of 
propagation direction, the latter being defined by the normal 
to wave fronts. The slowness urface is then defined by the 
reciprocal of the velocity surface 
S(•9) = V(•9) -1. (B1) 
Figure B 1 sketches a schematic slowness urface. It is also 
well known that the group velocity Vg, or velocity of energy 
flow, lies perpendicular to the slowness urface and has the 
magnitude 
IVl - [s(0)oos 
where q• is the angle between the group velocity and the wave 
vector. 25 By elementary trigonometry it follows that 
dS 
q/= . (B3) 
SdO 
In the experiments reported herein, one could argue that 
the orientation of the transducer pair determine either the 
direction of the phase velocity (since wave fronts are perpen- 
,• •:•,:^• ^c• group A;,,,,lar ,,, ,h• transducer's axes) or 
velocity (since energy must propagate from the transducer 
to the receiver). Since the width of the EMATs used was on 
the order of a wavelength, waves propagating in a number of 
directions would have been excited and the latter argument 
appears to be more correct. The experimental observable, 
the orientation of the transducer pair with respect to the 
Iplate, should be associated with the angle q> rather than the 
angle 0 in Fig. B 1. However, since the instrumentation mea- 
sured the time of arrival of a particular zero crossing of the 
waveforms, a phase velocity was determined. Hence, in the 
most precise description, the experiment determined the 
phase velocity (or slowness) at an angle 0 such that the angle 
of the group velocity 
q> = O + q• (B4) 
is equal to the orientation ofthe EMATs. 
For the small anisotropies considered here, the errors 
introduced by the neglect of this more correct interpretation 
can be readily computed. From Eq. (17), to first order in the 
anisotropy, 
Vrl(Crlp)'/2--•l + (]•/4)(1- COS 40). (B5) 
Hence, from Eq. (B 1 ), 
S/( p/Cr)•/2=•l -- (/?/4)(1 -- COS 40), (B6) 
Eq. (B3) then implies 
q•/? sin 40, (B7) 
and Eq. (B4) then gives 
q> = 0 + jg sin 40. (BS) 
In the results reported in this paper, the maximum value 
of/? was 0.06 for the copper. Hence the difference between 0 
and q> would be, at most, 3.4 ø. For the stainless steel, this 
value was 1.7 ø and for the aluminum it was 0.6 ø or less. On 
the scale of Figs. 4-7, such a correction would be difficult to 
discern. 
If a correction were to be made, for such small anisotro- 
pies, the solution of Eq. (B8) could be approximated by 
O•q> -/5' sin 4q>. (B9) 
For 0< q> <rr/4, this implies that the data should be plotted at 
slightly smaller values of the abscissa, whereas for rr/ 
4<q><rr/2, it should be plotted at greater values. For cop- 
per, the material which showed the greatest anisotropy, this 
would appear to slightly improve the agreement between 
theory and experiment. For the other materials with weaker 
anisotropy the need for the correction is not evident. 
When attempting to measure stress based on a 90 ø 
change in propagation direction, using Eq. (20), the correc- 
tion can be neglected to this order since Eq. (B9) is unal- 
tered by the transformation q>--•q> q- 90 ø. 
For more highly anisotropic materials, these correc- 
tions must be explicitly included in the data analysis. 
FIG. B 1. Relationship between the directions of energy propagation (•), 
phase front normals (0), and slowness surface. 
•J. F. Nye, Physical Properties of Crystals (Clarendon, Oxford, 1957). 
2C. M. Sayers, "Ultrasonic velocities in anisotropic polycrystalline aggre- 
gates," J. Phys. D 15, 2157-2167 (1982). 
3R. Bechmann, R. F. Hearmon, and S. K. Kurtz, Elastic Piezoelectric, and 
930 J. Acoust. Soc. Am., Vol. 80, No. 3, September 1986 Thompson eta/. ß Angular dependence of ultrasonic propagation 930 
Downloaded 20 Feb 2013 to 129.186.176.91. Redistribution subject to ASA license or copyright; see http://asadl.org/terms
Related Constants of Crystals (Springer, Berlin, 1969), pp. 102-103. 
4G. C. Johnson, "Acoustoelastic response of a polycrystalline aggregate 
with orthotropic texture," J. Appl. Mech. 52, 659-663 (1985). 
5R. B. Thompson, J. F. Smith, and S.S. Lee, "Absolute determination of 
stress in textured materials," in Review of Progress in Quantitative Nonde- 
structive Evaluation 2, edited by D. O. Thompson and D. E.,Chimenti 
(Plenum, New York, 1983), pp. 1339-1354. 
6R. B. Thompson, S.S. Lee, and J. F. Smith, "Absolute measurement of
stress in textured plates from angular dependence of SHo velocity," in Re- 
view of Progress in Quantitative Nondestructive Evaluation 3, edited by 
D. O. Thompson and D. E. Chimenti (Plenum, New York, 1984), pp. 
1311-1319. 
7R. B. Thompson, J. F. Smith, and S.S. Lee, "Microstructure independent 
acoustoelastic measurement of stress," Appl. Phys. Lett. 44, 296-298 
(1984). 
8R. B. Thompson, J. F. Smith, and S.S. Lee, "Effects of microstructure on 
the acoustoelastic measurement of stress," in Nondestructive Evaluation: 
Application to Materials Processing, edited by O. Buck and S. M. Wolf 
(American, Society of Metals, Metals Park, OH, 1984), pp. 137-146. 
9S. S. Lee, J. F. Smith, and R. B. Thompson, "Evaluation of the absolute 
acoustoelastic stress measurement echnique," in Review of Progress in 
Quantitative Nondestructive Evaluation 5, edited by D. O. Thompson and 
D. E. Chimenti (Plenum, New York, 1986). 
løR. B. Thompson, J. F. Smith, and S.S. Lee, "Inference of stress and tex- 
ture from the angular dependence of ultrasonic plate mode velocities," in 
Nondestructive Evaluation of Microstructure for Process Control, edited by 
H. N. G. Wadley (American Society of Metals, Metals Park, OH, 1985 ), 
pp. 73-80. 
•T. Tokuoka and Y. Iwashimizu, "Acoustical birefringence ofultrasonic 
waves in deformed isotropic elastic materials," Int. J. Solids Struct. 4, 
383-389 (1968). 
12R. B. King and C. M. Fortunko, "Determination of in-plane residual 
stress tates in plates using horizontally polarized shear waves," J. Appl. 
Phys. 54, 3027-3035 (1983). 
13R. B. King and C. M. Fortunko, "Acoustoelastic evaluation of arbitrary 
plane residual stess states in non-homogeneous, anisotropic plates," U1- 
trasonics 21, 256-258 (1983). 
14G. C. Johnson, "Acoustoelastic•tesponse f polycrystalline aggregates x- 
hibiting transverse isotropy," J. Nondestructive Evaluation 3, 1-8 
(1982). 
15G. C. Johnson, "The effects of texture on acoustoelasticity," in Review of 
Progress in Quantitative Nondestructive Evaluation 2, edited by D. O. 
Thompson and D. E. Chimenti (Plenum, New York, 1983), pp. 1295- 
1308. 
16C. M. Sayers and D. R. Allen, "The influence of stress on the principal 
polarization directions of ultrasonic shear waves in textured steel plates," 
J. Phys. D 17, 1399-1413 (1984). 
•?M. A. Biot, "The influence of initial stress on elastic waves," J. Appl. 
Phys. 11, 522-530 (1940). 
•8R. N. Thurston, "Effective elastic coefficients for wave propagation in 
crystals under stress," J. Acoust. Soc. Am. 37, 348-356 (1965). 
•øD. E. MacDonald, "On determining stress and strain and textures using 
ultrasonic velocity measurements," IEEE Trans. Sonics Ultrason. SU-28, 
75 (1981). 
2øM. J. Musgrave, Crystal Acoustics (Holden-Day, San Francisco, 1970), 
Chap. 9. 
2•C. M. Sayers and D. R. J. Allen, "The influence of stress on the principle 
polarization directions of ultrasonic shear waves in textured steel plates," 
J. Phys. D 17, 1399-1413 (1984). 
22C. F. Vasile and R. B. Thompson, "Excitation of horizontally polarized 
shear elastic waves by electromagnetic transducers with periodic perma- 
nent magnets," J. Appl. Phys. 50, 2583-2588 (1979). 
23R. Bruce Thompson, "A model for the electromagnetic generation and 
detection of Rayleigh and Lamb waves," IEEE Trans. Sonics Ultrason. 
SU-20, 340-346 (1973). 
24D. R. Allen, R. Langmen, and C. M. Sayers, "Ultrasonic SH wave veloc- 
ity in textured aluminum plates," Ultrasonics 23, 215-222 (1985). 
25B. A. Auld, Acoustic Waves and Fields in Solids (Wiley-Interscience, New 
York, 1973), Vol. I, Chap. 7. 
931 J. Acoust. Soc. Am., Vol. 80, No. 3, September 1986 Thompson et al.: Angular dependence of ultrasonic propagation 931 
Downloaded 20 Feb 2013 to 129.186.176.91. Redistribution subject to ASA license or copyright; see http://asadl.org/terms
